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Abstract
Random walks are the outcome of a summing or integrating process and as
such are widespread in nature. They are manifested as power law relationships
between variance density and frequency. The random walk effect may be removed
by differencing and decimating the data. In this way it is possible to show that
apparently deterministic cycles observed in some natural time series are, in fact,
random walk excursions.
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1

Introduction

In the real world, few time series can be assumed to be stationary. The integration of energy is widespread in nature and results in ‘random walk’ processes
which are non-stationary because variance increases linearly with time. This is
particularly true of climate temperature time series as pointed out by Hasselmann
(1976).
In a companion paper (Reid, 2015)[13] it was shown that, by abandoning
asymptotic considerations, the unwindowed periodogram is a consistent estimator of the population spectrum of a finite time series. Furthermore a generalized
spectrum can be estimated even when the time series is non-stationary. This allows
random-walk behaviour to be identified and eliminated.
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2.1

Variance spectra
White spectra

By equation (20) of Reid (2015) the kth element of the periodogram spectrum
is given by:
N −1 N −1
1 X X
Pk =
Φmn e−2πik(m−n)/N
(1)
2N 2
m=0 n=0

Suppose the series {ξn } is unselfcorrelated and stationary, then its variance/covariance function is given by
Φmn = E(ξm ξn ) = σ 2 δmn

(2)

where σ 2 is the variance of {ξn } and δmn is the Kronecker delta function, δmn .
Substituting into (1) gives
Pk =

N −1
1 X
σ2
Φ
=
nn
2N 2
2N

(3)

n=0

The population spectrum is flat and, for this reason the series is termed ‘white’.
Typically, the researcher wishes to verify that a spectral peak at a specified frequency is due to, say, a cyclical component and did not occur merely by chance.
The null hypothesis is proposed that the sample, {xn }, with spectrum, {Pk }, is
white with a variance, σ 2 , estimated from the sample variance, σˆ2 . Confidence
limits can be computed for any probability, α, from the χ2 distribution and shown
as error bars on the graphed spectrum. If an apparently random peak at a previously
specified frequency exceeds the error bars then the null hypothesis can be rejected
and the existence of a cyclical component at this frequency established at the given
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level of significance, α. Note that the spectral estimate, {Pk }, has N/2 − 1 independent ordinates and so ∼ α(N/2 − 1) of these will exceed the α error bars by
chance.That is why the frequency abscissa should be specified in advance.
If, on the other hand the researcher wishes to test whether there are any cyclical
components present in {xn }, the value of N must be taken into account and the
confidence limits set accordingly by choosing a more suitable value of α.

2.2

Red spectra

The presence of cyclical components is not the only reason why a spectrum
should be non-white. ‘Red’ or ‘pink’ spectra are common in nature and as the
outcome of a summing or integrating processes. As the name suggests such spectra
show an inverse relationship between variance density and frequency. This often
takes the form of a power law, viz.:
S = Af ν

(4)

where S is the variance density, A is a constant, f is the frequency and ν is the
power law index and is negative.
For a noisy spectral estimate, and substituting kdf for f , (4) becomes:
log Sˆk = ν log k + log A0 + k

(5)

where the {k } are uncorrelated with zero mean. Equation (5) is a simple first
order regression equation, allowing ν to be estimated and confidence limits placed
upon it.
Because frequency domain variables including spectra are zero at zero frequency, the power law relationship (4) gives rise to a spectral peak at or near the
lowest frequency, 1/N ∆t, particularly when the spectrum is plotted using linear
scales and a power law relationship would not be immediately obvious. Such a
peak is likely to be wrongly interpreted as a ‘cycle’ when in fact it is due solely
to the accumulation of random walk fluctuations. Even in the time domain such
fluctuations can appear cyclic even though they are not. Unlike a truly deterministic cycle, they have no predictive power and reveal little about underlying physical
processes other than the presence of an integrating mechanism.
One of the primary functions of any method of spectral analysis should be
to provide a criterion for distinguishing such random walk excursions from truly
cyclic behaviour. To some extent this can be done by examining the width of a
given peak; if the peak is wider than two abscissas then it is unlikely to be a true
cycle. There is, however, a more rigorous method.

2.3

Whitening by differencing and decimation

The simplest form of auto-regressive process is specified by
ξn = b1 ξn−1 + n
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(6)

where b1 is a constant coefficient and the {n } are uncorrelated with zero mean.
In general b1 ≤ 1 otherwise (6) diverges and is of little interest. When b1 < 1
(6) describes an integrator with exponential decay (such as an RC integrator in
electronics) with time constant τ = −∆t/ ln(b1 ) and, when b1 = 1, (6) describes
a true random walk process.
Equation (6) can be written as

ξ=
(7)
1 − b1 L
where L is the lag operator. Using z-transform methods it can be shown that
δ
Φ=
(8)
(1 − b1 L−1 )(1 − b1 L)
When b1 = 1, the right hand side of (8) is singular and Φ does not exist, i.e. the
sequence is non-stationary. When b1 ' 1, Φ exists but Φn may not vanish for large
values of n. If τ is larger than the time-span, N ∆t, of the available data we have no
way of knowing whether Φn exists or not but the generalized spectrum will exhibit
a power law trend at low frequencies. It will look ‘red’.
In this event the low frequency, power law trend can be removed by forming a
new sequence {yn , n = 1, ..., N − 1} by taking the first differences of the original
time series {xn }, i.e. yn = xn − xn−1 and
η = (1 − L)ξ

(9)

where {yn } is assumed to be a realization of a sequence of random variables,
{ηn }. Note however that substituting (9) in (7) does not cancel the inconvenient
1/(1 − b1 L) factor, nor can it do so because, in general, we cannot estimate the
value of the population parameter b1 precisely.
Differencing a time series is the inverse of summing. If the initial time series is
unselfcorrelated, i.e. ‘white’, the new sequence of first differences will be ‘blue’,
i.e. we have a power law spectrum with index, ν = +2 in (4). Its variance/covariance function will take the values Φ−1 = Φ1 /2 = −Φ0 and Φn = 0 for
|n| > 1, i.e. differencing has introduced an anti-correlation between neighbouring
members of the new sequence. However alternate members of the sequence will
remain uncorrelated since Φn = 0 for | n |> 1. Therefore if the new sequence is
decimated by 2, it will again be white.
The same principle can be applied when removing the red power law trend
according to (9). We create a further sequences
yi0 = y2i for i = 0, ...Int(N/2)

(10)

yi00 = y2i for i = 0, ...Int(N/2)

(11)

and
The power law component will be removed from the spectrum of the sequence
{yi } without a spurious blue trend being introduced. Once this is done the spectrum of either {yi0 } or {yi00 } can be estimated and spectral peaks tested for significance using the χ2 distribution.
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3
3.1

Application to a paleoclimate time series
Processing the data

Milankovic (1941) [10] was first to propose that the cycling of climate apparent in the geological record and known as ‘the Ice Ages’ could be due to secular
variations in the earth’s orbit around the sun. These variations are thought to give
rise, in turn, to variations in solar insolation at latitudes north of 60 N and its effect
on the growth and collapse of the Northern Hemisphere ice sheet . The pioneering
work of Hays et al (1976) [6] identified clear peaks in the ocean sediment record
and related them to the eccentricity, obliquity and precession of the orbit. The ‘eccentricity peak’ near 100 kyr dominated their spectra. However, more recently, a
number of workers have questioned the astronomical origin of the 100 kyr peak,
because variations in orbital eccentricity can have little effect on insolation, (e.g.
Muller and MacDonald (1997) [11], Ridgwell et al (1999) [14], Lisiecki(2010)
[9]).
The time series from the EPICA Dome C Ice Core 800 kyr Deuterium Data and
Temperature Estimates (Jouzel et al, 2007) [8], was downloaded from the World
Data Center for Paleoclimatology website. A time series of equally spaced values
was generated by averaging all the values in each 653.3 year interval from 490
kyrs to the present epoch (750 samples). It is shown at the top of Figure 1. Its periodogram spectrum is shown beneath and resembles the spectra of Hayes et al; the
classical three spectral peaks attributed to orbital cycles and listed as ‘calculated’
in Table 1 can be clearly seen.
Table 1: Orbital Peaks

Eccentricity
Obliquity
e
o
−1
calculated .01 kyr
.0244 kyr−1
observed
.024 ± .001 kyr−1

Precession
p
.043 kyr−1
.043 ± .001 kyr−1

The spectrum has a negative slope for index k > 5 and a regression line was
fitted in the range 5 ≤ k ≤ 150 according to equation (5) and the power law index
ν found to be −2.06 ± 0.35, the confidence interval being four times the standard
error. For k ≤ 5 the spectrum is approximately white, the break-point index, k,
corresponding to a period τ = 100kyr implying that b1 ≈ 0.99 in (7) as will be
discussed further below. Also displayed as vertical dashed lines in Figure 2 are
the times of ice age Terminations as listed in Table 2 and a plot of solar insolation
north of 60◦ N due to Berger and Loutre (1991) [2].
In order to test for the statistical significance of the candidate spectral peaks
listed in Table 1, a new series of first differences, {yn = xn − xn−1 } was derived
and is displayed as the upper graph in Figure 2. Decimated sequences {y‘n } and
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Table 2: Ice Age Terminations

Termination Time (kyr BP)
V
430
IV
340
III
246
II
131
I
12

Reference
Augustin et al[1]
Cheng et al [3]
Cheng et al [3]
Cheng et al [3]
Cheng et al [3]

{yn00 } were derived via (10) and (11) and their spectra plotted in the lower graph of
Figure 2.
In the lower graph of Figure 2, the scales are linear since now that the power
law trend has been removed logarithmic scales are no longer needed; the spectrum
is now flat with sporadic peaks. Our aim is to test these peak for significance. As a
null hypothesis we assume both decimated sequences, {y‘n } and {yn00 }, are unselfcorrelated noise implying that each ordinate in their spectra has a χ2 distribution.
There are 120 spectral ordinates in all so that if a 95 percent confidence limit were
to be used we would expect it to be exceeded by 40 or so ordinates merely by
chance. In this case we used much broader confidence limit, i.e. or a 99.99 percent
upper confidence limit (α = .0001) computed from the χ2 distribution with two
degrees of freedom. This is shown as the dashed horizontal line in the lower graph
of Figure 2.

3.2

Discussion

In Figure 2 (lower) the ‘o’ and ‘p’ peaks of the previous figure exceed the
confidence limit but the ‘e’ peak does not. Thus there is strong evidence of cyclical
behaviour at the frequencies of the ‘o’ and ‘p’ peaks, but there is no evidence of
cyclic behaviour at the frequency of the ‘e’ peak. We may conclude that the ‘e’
peak is no more than a random walk excursion because it ceases to be significant
once the random walk power law trend has been removed.
There are, in fact, no cycles with periods near 100 kyr evident in the time series
itself. The last five Terminations have an average period close to 100 kyr but closer
examination shows that successive differences between terminations are 90, 94,
115, and 119 kyr respectively. They are either about 90 kyr apart or about 120 kyr
apart. Huybers and Wunsch (2005)[7] have shown that the ice sheets terminate
every second or third obliquity cycle.
Peaks in the rate of temperature change in Figure 2 (upper) associated with the
4 most recent terminations occurred at times of rapidly increasing Northern Hemisphere insolation as noted by Cheng et al [3]. However not all times of rapidly
changing NH insolation gave rise to terminations. This implies that a fully deterministic causality was not the case. Rather, only the probability of a termination
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is increased at times of rapidly increasing NH insolation. The behaviour of global
temperature at these time scales can best be described as a deterministically modulated stochastic process.
A feature of interest in Figure 1 is the almost constant variance density of the
low frequency end of the log spectrum. Allowing for the inherent noisiness, for
indices, k < 5 or so the spectrum could easily be white, i.e. the random walk
ν = −2 trend does not apply at low frequencies. Index k = 5 corresponds to an
integrating time constant of τ = 100kyr. Indeed visual examination of the time
series in the upper panel of Figure 1 does indeed suggest a system recovering a stable equilibrium after being driven from stability by an impulse which precipitates
terminations. It looks like an integrated Poisson process with an integration time
of τ ≈ 100 kyr.

4 Application to a present-day climate time series
4.1

Processing the data

GLOBAL Land-Ocean Temperature from GISS, Hansen et al (2010) [4] was
downloaded and annual means computed for the years 1880 to 2014 to create the
135 long time series which is plotted in the upper panel of Figure 3. The log
spectrum is shown in the lower panel. A power law line was fitted in the range
1 ≤ k ≤ 21. The spectrum for k > 21 appears white.
As before, first differences were found and are shown in the upper panel of
Figure 4. The lower panel shows the linear spectra of the two time series obtained
by decimating the first difference series by two, i.e. by forming two sequences of
alternating values. Upper confidence limits at the 95 percent and 99 percent levels
are shown as horizontal dashed lines.

4.2

Discussion

Only six ordinates exceed the 95 percent confidence level and no peaks are
significant at the 99 percent confidence level. One in twenty ordinates can be
expected to exceed the 95 percent level purely by chance, i.e. about seven ordinates
out of 134. In fact that there are only six implies that there is no significant cyclical
behaviour in the GISS temperature data. There is no evidence of a ‘multi-decadal
oscillation’ or any other sort of oscillation; the differenced data is indistinguishable
from random noise. Thus there is no evidence that the ‘cycles’ and upward trend
apparent in the GISS global temperature time series shown in the upper panel of
Figure 3 are anything other than random walk excursions.
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4.3

A numerical experiment

It may be argued that the cycles and upward trend in the GISS time series are
real but are too subtle to be detected by the methodology used here.
This is certainly a possibility. In order to test it, synthetic time series were
generated with similar spectral characteristics as the GISS time series. It is a simple matter to generate 135 normally distributed random numbers with zero mean
and the same variance as the GISS differenced time series. Their cumulative sum
should then have the characteristics of a random walk.
However it is more complicated than that, because, as noted, the high frequency
end of the spectrum of Figure 3 is nearly white (i.e. flat). This was taken into
account by generating two sequences of random numbers, {rn , n = 1, ..., 135}
2
2
and {w
n , n = 1, ..., 135} with variances sr and sw respectively such that
s2r = 0.15s2d

and

s2w = 0.85s2d

(12)

where s2d was the sample variance of the GISS difference series. A new ‘red’ series
{yn } was then formed via
yi = yi−1 + ri
(13)
Finally, the synthetic time series, {zn }, was then formed as
zi = yi + w
i

(14)

Six synthetic series were generated in this way are displayed in Figure 5 along
with the original GISS time series from Figure 3. The spectra of the synthetic time
series were averaged and the mean spectra plotted as the thin curve in the lower
panel of Figure 3.
Clearly there is no difference in character between the real GISS time series and
synthetic time series having similar spectra and variance. The synthetic time series
show similar quasi-cycles and upward or downward trends of similar magnitude to
the observed time series.
There is nothing unexpected or unusual about the GISS time series of global
average temperatures.
It might be argued that the very ‘redness’ of the spectrum of Figure 3 is itself
indicative of some unusual recent phenomenon and this has, in turn, affected the
synthetic series in a similar way.
This is unlikely. Pelletier (2002) [12], using a different methodology from that
used here, has shown that global temperature spectra are red or at least ‘pink’ on
every time scale from one day to one million years. There is nothing unusual about
the variance spectrum of the GISS time series of global average temperatures.

5

Conclusions

Deterministic cycles and random walk excursions may be distinguished by differencing and decimation of the original data. In this way it has been demonstrated
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that, while the obliquity and precession peaks of paleoclimate time series are indeed significant deterministic cycles, the ‘eccentricity’ peak is indistinguishable
from a random walk excursion. Likewise the ‘multidecadal oscillation’ of contemporary climate data is not detectable as a significant peak and there is no evidence
that the recent rising trend in global temperatures is anything other than a random
walk excursion.
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Figure 1. Upper panel: time series of ice core temperatures from EPICA

Dome C Deuterium data due to Jouzel et al (2007)[8]. Lower panel:
periodogram spectrum of this time series plotted using logarithmic scales.
Peaks at the eccentricty, obliquity and precession frequencies of the Earth
in its orbit are labelled ‘e’,‘o’ and ‘p’ respectively. The power law index,
ν, is the slope of the trend line as computed by conventional linear
regression methods.
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Figure 2. Upper panel: time series of first differences of the time series
shown in Figure 1. The vertical dashed lines show times of Terminations
I,II,III,IV [3] and V [1]. The lower curver shows insolation north of 60◦ N
due to Berger (1991)[2]. Lower panel: the two periodogram spectra
obtained by decimation of this time series plotted using linear scales. An
upper confidence limit of 99.99 percent is shown.
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Figure 3. Upper panel: time series of the GISS global average temperature

anomaly, 1880-2014, (Hansen et al, 2014). Lower panel: the periodogram
spectrum of this time series plotted using logarithmic scales (thick line).
Also shown is the mean spectrum of the six synthetic series shown in
Figure 5 (thin line).
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Figure 4. Upper panel: first difference of the time series shown in Figure 3.

Lower panel: the two periodogram spectra obtained by decimation of this
time series plotted using linear scales. Upper confidence levels of 95
percent and 99 percent are shown.
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Figure 5. Six synthetic series generated by equation (14) are labelled ‘a’,
‘b’, ‘c’, ‘e’, ‘f’ and ‘g’, while ‘d’ is the original GISS global temperature
anomaly time series from Figure 3. The means are displaced vertically for
clarity.

16

